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MINIMAL SURFACES AND SCHWARZ LEMMA
DAVID KALAJ
ABSTRACT. We prove a sharp Schwarz type inequality for the Weierstrass-
Enneper representation of the minimal surfaces.
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1. INTRODUCTION
The standard Schwarz-Pick lemma for holomorphic mappings states that every
holomorphic mapping f of the unit disk onto itself satisfies the inequality
(1.1) |f ′(z)| ≤
1− |f(z)|2
1− |z|2
.
If the equality is attained in (1.1) for a fixed z = a ∈ U, then f is a Mo¨bius
transformation of the unit disk.
It follows from (1.1) the weaker inequality
(1.2) |f ′(z)| ≤
1
1− |z|2
with the equality in (1.2) for some fixed z = a if and only if f(z) = eit z−a
1−za¯ .
A certain extension of this result for harmonic mappings of the unit disk onto a
Jordan domain has been given recently by the author in [2]. We will extend this
result to Weierstrass–Enneper parameterization of minimal surfaces.
1.1. Weierstrass–Enneper parameterization of minimal surface. The projec-
tions of minimal graphs in isothermal parameters are precisely the harmonic map-
pings whose dilatations are squares of meromorphic functions. If Σ is a minimal
surface lying over a simply connected domain D in the uv plane, expressed in
isothermal parameters (x, y), its projection onto the base plane may be interpreted
as a harmonic mapping w = f(z), where w = u+iv and z = x+iy. After suitable
adjustment of parameters, it may be assumed that f is a sensepreserving harmonic
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mapping of the unit disk U onto, with f(0) = w0 for some preassigned point w0
inD. Let f = h+ g¯ be the canonical decomposition, where h and g are holomor-
phic. Then the dilatation µ = g
′
h′
of f is an analytic function with |µ(z)| < 1 in U
and with the further property that µ = q2 for some function q analytic in U . The
minimal surface Σ over Ω has the isothermal representation F = (u, v, t):
u = ℜf(z) = ℜ
∫ z
0
φ1(ζ)dζ,
v = ℑf(z) = ℑ
∫ z
0
φ2(ζ)dζ,
t = ℑ
∫ z
0
φ3(ζ)dζ,
with
φ1 = h
′ + g′ = p(1 + q2), φ2 = −i(h
′ − g′) = −ip(1− q2), and φ3 = 2ipq,
where p and q are the Weierstrass-Enneper parameters. Thus φ2
3
= −4µh′2 and
h′ = p. The first fundamental form of Σ is
ds2 = λ2|dz|2,
where
λ2(z) =
1
2
3∑
1
|φk|
2.
A direct calculation shows that
λ = |h′|+ |g′| = |p|(1 + |q|2).
For this fact and other important properties of minimal surfaces we refer to the
book of Duren [1]. Observe that
|Fx| = |Fy|, 〈Fx, Fy〉 = 0.
1.2. The main result.
Theorem 1.1. Let F : U → Σ be the Weierstrass–Enneper parameterization
of minimal surface Σ ⊂ R3 spanning a rectifiable Jordan curve of the length
|∂Σ| = 2piR. Then the sharp inequality
(1.3) |Fx| ≤
R
1− |z|2
, z ∈ U
holds. If for some z, the equality is attained, then Σ is an ellipse.
Proof. Let
γr := F (rT ).
Then
lr = |γr| =
∫
T
|Ft(re
it)|dt.
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So
lr :=
∫
rT
λ(z)|dz|.
So
lr :=
∫
rT
(|h′|+ |g′|)|dz|
Since |h′|+ |g′| is subharmonic, we obtain that
|h′(0)| + |g′(0)| ≤
lr
2pir
≤
l1
2pi
=
1
2pi
∫
rT
(|h′|+ |g′|)|dz| =
|∂Ω|
2pi
= R
To obtain (1.3) for a fixed z = a, we use the previous case to the function
H(z) = F
(
z + a
1 + za¯
)
.
Then we have
|Hx(0)| = |Fx(a)|(1 − |a|
2).
So
|Fx(a)| ≤
R
1− |a|2
.
Assume now that the equality is attained in (1.3) for some z = a, and assume
without loss of generality that a = 0. Then we have
(1.4)
∫
rT
λ(z)
|dz|
2pir
= λ(0)
for every 0 < r < 1.
In order to continue recall the definition of the Riesz measure µ of a subharmonic
function u. Namely there exists a unique positive Borel measure µ so that∫
U
ϕ(z)dµ(z) =
∫
U
u∆ϕ(z)dm(z), ϕ ∈ C20 (U).
Here dm is the Lebesgue measure defined on the complex plane C. If u ∈ C2,
then
dµ = ∆udm.
Proposition 1.2. [3, Theorem 2.6 (Riesz representation theorem).] If u is a sub-
harmonic function defined on the unit disk then for r < 1 we have
1
2pi
∫
T
u(rz)|dz| − u(0) =
1
2pi
∫
|z|<r
log
r
|z|
dµ(z)
where µ is the Riesz measure of u.
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By applying Proposition 1.2 to the subharmonic function
u(z) = |g′(z)| + |h′(z)|
in view of (1.4) we obtain that
1
2pi
∫
|z|<r
log
r
|z|
dµ(z) ≡ 0.
in view of (1.4) we obtain that
Thus in particular we infer that µ = 0, or what is the same ∆u = 0.
Since
∆(|h′(z)| + |g′(z)|) = |h′(z)||∇α|2 + |g′(z)||∇β|2
where α = arg(h′(z)) and β = arg(g′(z)), we obtain that α and β are constant
and thus g′ and h′ are constant functions. The conclusion is that f = h + g¯ is an
affine function. The same hold for F . This means that F maps the unit disk onto
an ellipse in R3. 
Remark 1.3. In the opposite direction of Theorem 1.1, if Σ is an ellipse in R3,
and its Weierstrass–Enneper parameterization F is linear up to conformal change
of the unit disk, the it satisfies the equality in (1.3) for some z = a. This is not true
for general Weierstrass–Enneper parameterization.
Proof. Assume now Σ is an ellipse and that there is a Mo¨bius transformation m of
the unit disk so that
H(x, y) = F ◦m(x, y) = (ax+ by, cx+ dy, ex+ fy)
with
a2 + c2 + e2 = b2 + d2 + f2, ab+ cd+ de = 0.
Thus for z = (cos t, sin t),
|Ht| =
√
a2 + c2 + e2 = R.
Thus |∂Σ| = 2piR, and this implies that the equality in (1.3) is attained for z = 0.
To prove the last statement of this remark, assume that g is a conformal diffeo-
morphism between the unit disk and an ellipse that is not a disk. Then it does not
satisfies the equality in (1.3) for any z in the unit disk. 
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